In this paper, the shadow casted by the rotating black hole in a noncommutative spacetime is investigated. In addition to the spin parameter a and inclination angle i, the noncommutative parameter √ ϑ is also found to affect the shape of the black hole shadow. The result shows that the size of the shadow slightly decreases with the parameter √ ϑ, while the distortion increases with it.
axis due to the dragging effect [39] . The size and distortion of the shadow are found to depend on the parameters of the black hole and the location of the observer. So the test of the black hole shadow provides an efficient method to test the nature of a black hole in the near future. And the topic has been examined by several groups in the last few years [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] .
So the main purpose of this paper is to investigate the effect of the noncommutative parameter √ ϑ on the black hole shadow. Using the null geodesic, we obtain the observables proposed in Refs. [28, 36] . The shape of the shadow is found to closely depend on √ ϑ. And the result suggests that, compared with the Kerr black hole, the test of √ ϑ ∈ (0.4, 0.52) through the observation of the black hole shadow is possible in the near future using the very-long baseline interferometry (VLBI).
The paper is structured as follows. In Sec. II, we give a brief review of the null geodesics for the noncommutative black hole. With the effective potential, the unstable circular photon orbits are studied in Sec. III. Then in Sec. IV, we get the apparent shape of the shadow casted by the noncommutative black hole with or without the spin. The observables are also obtained, and the comparison is made between the noncommutative black hole and the Kerr black hole. The summary and remarks follow in Sec. V. We adopt the geometric units, i.e., G = c = 1.
II. NULL GEODESICS OF NONCOMMUTATIVE BLACK HOLE
The key point to construct a noncommutative black hole is replacing the point-like object with a smeared one. Therefore, in a spherically symmetric case, the mass density of such an object is modified as a Gaussian density
where M 0 is the total mass of the object and ϑ measures the distribution of the mass. In the spheroidal coordinates of the Minkowski spacetime, the mass density for a rotating object is [40, 41] ρ M = r 2 r 2 + a 2 cos 2 θ ρ G .
Then the mass encoded in a radius r will be
where γ(3/2, x) = x 0 t 1/2 e −t dt. Thus, the energy-momentum tensor for the generalized Kerr black hole reads [12] 
where
2 . Imposing ∇ µ T µν = 0, one can obtain the pressure p θ . Finally, taking the choice of a "noncommutative geometry inspired" matter source as the input of the Einstein equations, Smailagic and Spallucci obtained a metric of the noncommutative Kerr black hole [12] :
where the metric functions are given by
a is the spin parameter of the spacetime, and M is given in (3) and denotes the mass encoded in a sphere with radius r. In the limit √ ϑ → 0, this metric describes the conventional Kerr spacetime. In Fig. 1(a) , we show the mass distribution function M (r) as a function of r. One can see that the mass dominates in small value of r for a small value of √ ϑ. It is clear that √ ϑ measures the noncommutativity of spacetime and it is reasonable to treat it a describing a black hole and a naked singularity. On the boundary described by the blue line, the black hole has a maximum spin for fixed √ ϑ.
as the noncommutative parameter of spacetime as suggested in Ref. [14] . It is also worth to note that, for different values of √ ϑ and a, the metric displays different horizon structures, i.e., two horizons, one horizon, and no horizon. In this paper, we only focus on the case that the black hole has, at least, one horizon, thus for fixed value of the noncommutative parameter √ ϑ, the spin parameter is required to 0 ≤ a ≤ a max , where a max can be obtained by numerically solving ∆ = 0 and ∂ r ∆ = 0. We show the parameter space that corresponds to black holes in Fig. 1(b) , from which the maximum spin a max will be immediately read out for fixed √ ϑ. In the rest of the paper, we will focus on the case of the black hole with 0 ≤ a ≤ a max .
In this spacetime, there are two Killing fields ξ t,φ = ∂ t,φ related to two conserved constants along the geodesics,
where E and l represent the energy and angular momentum of the particle, respectively, and p µ = g µνẋ ν is the four-momentum of a test particle.
Next, we will employ the Lagrangian and Hamilton-Jacobi equation to obtain the equations of motion for a particle. The Lagrangian describing a neutral particle in the background (5) reads
where a dot over a symbol denotes the derivative with respect to an affine parameter λ. The normalizing condition is g µνẋ µẋν = −µ 2 (µ 2 =-1, 0, and 1 for timelike, null, and spacelike geodesics, respectively). Regarding x µ as the generalized coordinates, we then obtain the conjugate momenta
And the Hamiltonian reads
Next, we will consider the Hamilton-Jacobi equation for geodesic motion in the background (5), which takes the following form:
where S is the Hamilton-Jacobi function. With the form of the Hamilton-Jacobi function, one then can determine the generalized coordinates x µ as a function of time, which can uniquely determine the motion of a particle. To solve the Hamilton-Jacobi equation, we first separate the Hamilton-Jacobi function as
Substituting it into (11) and solving (7) and (8), we get
with ℜ and Θ given by
The sign functions σ r = ± and σ θ = ± are independent from each other. Since this spacetime is of the Petrov type D, there are four conserved quantities along the geodesics of the test particle, E, l, µ 2 , and Q. In this paper, we adopt µ 2 = 0 for discussing the black hole shadow.
III. EFFECTIVE POTENTIAL AND UNSTABLE CIRCULAR ORBITS
In this section, we will give a brief study on the radial-motion of photons, which will be used to determine the contour of the black hole shadow.
The radial motion (15) can be written in the form
which is very similar to the equation of motion of a classical particle. The effective potential V ef f is given by
where we have introduced two parameters η = Q/E 2 and ξ = l/E. The effective potential has the limit:
With a further analysis of V ef f (r), the motion of the test particle along the radial direction will be clear. We plot the effective potential V ef f against r in Fig. 2 (a) with η, ϑ, and a fixed. From the behavior of V ef f shown in Fig. 2 (a), we get that there are three different kinds of orbit for a photon coming from infinity: (i) ξ > ξ c . The photon starting from infinity will meet a turning point, where V ef f (r) = 0, and then it turns back to infinity and be observed. (ii) ξ < ξ c . In this case, there is no turning point, thus the photon will cross the horizon and be absorbed by the black hole. Thus, the observer located at infinity will not observe such photon. (iii) ξ = ξ c . This is a critical case. The photon comes from infinity and approaches a turning point with zero radial velocity. The turning point corresponds to an unstable circular orbit. The radius of the orbit is determined by
Here r c is an important parameter to determine the shape of the black hole. For the Schwarzschild black hole, r c = 3M 0 ; and for the Kerr black hole, r c = 2M 0 1 + cos( 2 3 arccos(± |a| M0 )) for the equatorial circular orbit. For the noncommutative black hole, it cannot be written in an exact form, and we show it in Fig. 2(b) for the equatorial circular orbit, from which we see that r c is almost the same for different values of ϑ with the spin parameter a fixed. However, the deviation becomes notable when the black hole approaches an extremal one. With r c obtained, we can solve η and ξ form Eq. (20) :
with the coefficients given by
4ϑ .
Using this expression, we will explore the black hole shadow in the next section by setting M 0 = 1 for simplicity. 
IV. BLACK HOLE SHADOW
The boundary of the black hole shadow is determined by the unstable circular orbit. In the real observations, the shadow of a black hole is a dark region on the observer's sky. So it is natural to introduce the celestial coordinates
where i is the inclination angle between the axis of rotation of the black hole and the line of sight of the observer. The coordinates α and β are, respectively, the apparent perpendicular distances of the image seen from the axis of symmetry and from its projection on the equatorial plane. After substituting into Eq. (21), we get the explicit form of α and β:
A. Nonrotating case First, let us consider the nonrotating case, where the spin parameter a = 0. A simple calculation shows
Since photons come from both sides of the nonrotating black hole have the same value of the deflection angle, the shadow of such case is a standard circle with radius R s = α 2 + β 2 given in Eq. (24) . It is easy to find that this radius depends of the inclination angle i, which is owing to the spherically symmetric of the black hole with vanishing spin. The radius of the shadow is also presented in Fig. 3 . For small value of √ ϑ, the radius almost equals to R s = 3 √ 3, which is exactly the result of the Schwarzschild black hole. Although the radius R s has a noticeable decrease at √ ϑ = 0.40 from the figure, the difference is still indistinguishable from astronomical observations. For example, the difference between √ ϑ = 0.1 and 0.48 is 0.0013, between √ ϑ = 0.1 and 0.52 is 0.0046.
B. Rotating case
For a rotating black hole, the photon capture radii for co-rotating and counter-rotating orbits will be different. From Fig. 2(b) , we see that the radius of co-rotating orbits is always smaller than that of counter-rotating orbits. This is a universal result. For this reason, photons come from both sides of the black hole will have different values of the deflection angle, resulting to a deformed circle. The shape of the black hole shadow is presented in Fig. 4 . The shape depends on the parameter √ ϑ, a and the inclination angle i. It is clear that for a slow rotating black hole, the shape is an approximate circle. While for a fast rotating black hole, the shape will deviate significantly from a circle. This deviation is found to increase with the inclination angle i. It is also an interesting result that the shape of the black hole shadow approaches a standard circle with the increase of √ ϑ, even for a near extremal black hole with small spin a.
In order to extract the information of an astronomical object from the shadow, the observables, which could be directly observed from the astronomical observation, are necessary. Let first focus on the silhouette of the shadow. Similar to the Kerr case, for each silhouette of the shadow, we clearly see that there are four characteristic points: the top point (α t , β t ), bottom point (α b , β b ), left point (α l , 0), and right point (α r , 0) of the shadow, and they correspond to the unstable retrograde circular orbit seen from an observer located at infinity. Then a natural idea is that the observables can be constructed using these four points. In Ref. [28] , Hioki and Maeda proposed two observables, the radius R s and distortion δ s , to measure the shadow by a Kerr black hole. The observable R s is defined as the radius of a reference circle passing by the top, bottom, and right points. And δ s gives its deformation with respect to the reference circle, measured by the left point (α l , 0) and point (α r , 0), which is the point where the reference circle cut the horizontal axis at the opposite side of (α r , 0). Hence R s and δ s measure the size and deformation of a shadow. With observables R s and δ s , the Kerr black hole spin a and inclination angle i of the observer can be uniquely determined. However for the noncommutative black hole, there exists an extra parameter √ ϑ. The presence of the noncommutative parameter will bring the degenerate problem as presented in Ref. [36] , which means that different pairs of (a, i, √ ϑ) may have the same shadow. In order to solve this problem, Tsukamoto-Li-Bambi studied the fine structure of the shadow. They gave another distortion parameter ε [36] , which measures the distortion on the left side of the black hole shadow resulted by the unstable retrograde circular orbit. And one more point is introduced, which we denote as (α h , β h ). It is the point that the horizontal line of β = β t /2 cuts the shadow at the opposite side of (α r , 0). Combined with these three observables, the nature of black hole and inclination angle i of the observer will be well determined for the noncommutative black hole.
After a simple algebra calculation and combining with the symmetry of the shadow, we find that the center (α c , β c ) of the reference circle locates at
Note that β c = 0 is caused by β t = β b . The expressions of the three observables read
Here we have modified the distortion ǫ proposed by Tsukamoto-Li-Bambi [36] . Then there will be no distortion when ǫ = 0. For the nonrotating noncommutative black hole, we find that √ ϑ has a weak influence on R s (see Fig. 3 ). This result also holds for the rotating black hole case. So it is very hard to distinguish a nonrotating noncommutative black hole from a Schwarzschild black hole, or distinguish a rotating noncommutative black hole from a Kerr black hole with the same spin through R s . On the other hand, for a theoretical model, R s depends on the mass of the black hole and the distance from the observer. And these two quantities are known with a large uncertainty with modern astronomical observations, so the observable R s measuring the size of the shadow seems not to be a measurable quantity to probe the nature of a black hole. Compared with it, the distortions δ s and ǫ measuring the shape of the shadow become a key point on testing the nature of the black hole. The behavior of δ s is shown in Fig. 5 for different values of a, √ ϑ, and i. For the small value of a, i.e., a < 0.2, δ s approaches zero, which means the shape of the black hole shadow is almost a circle. For the large value of a, δ s becomes large. And it takes the maximum value when the black hole approaches the extremal case. For example when a = 0.998, δ s ≈ 25% with √ ϑ = 0.1 and i = 90
• . Moreover, one can find that δ s increases with the inclination angle i when other parameters fixed. It is interesting to note that the maximum value of δ s decreases with √ ϑ, which may be resulted by the decrease of the maximum spin a max with √ ϑ. However δ s has a large value for large √ ϑ with the spin a fixed. We illustrate the distortion ǫ in Fig.  6 . It shares the same behavior as that of δ s . For fixed value of the black hole parameters, we find that ǫ is always smaller than δ s . If the inclination angle i is given, then one of the distortions is enough to determine the nature of the black hole. Otherwise, the two distortions are useful to eliminate the degeneracy of a and √ ϑ. In order to compare it with that of the Kerr black hole, we list the numerical values of δ s and ǫ in Tables I-III  for i = 30 • , 60
• , and 90
• , respectively. The result shows that for small value of √ ϑ < 0.2, it is extremely hard to distinguish a noncommutative black hole from a Kerr black hole through the observation of the shadow shape. However, when √ ϑ > 0.4, the difference becomes apparent. There may exist a deviation of 0.4% ∼ 1.0% or even to several percentage. Therefore, the noncommutative parameter √ ϑ ∈ (0.4, 0.52) is expected to be well-tested through the astronomical observations of the black hole shadow in the near future. 
V. DISCUSSION
In this paper, we have investigated the shadow of the noncommutative black hole. The influence of the noncommutative parameter √ ϑ on the shape of the black hole shadow was analyzed in detail. With the help of the null geodesics, the visualization of the black hole shadow was presented with the celestial coordinates α and β for different values of the parameters. For a nonrotating noncommutative black hole, the shape of the shadow is a perfect circle and its radius is found to depend on √ ϑ. For small value of √ ϑ, the radius R s almost equals to a constant 3 √ 3, which is exactly the result of the Schwarzschild black hole. When √ ϑ is larger than 0.4, R s starts to decrease. However, even for √ ϑ = 0.52, the radius R s deviates the constant 3 √ 3 only of order ∼ 10 −3 , leading to a small variation in the size of the shadow. Thus, it is extremely hard to distinguish a nonrotating noncommutative black hole from a Schwarzschild black hole by measuring the size of the black hole shadow.
For a rotating noncommutative black hole, the shape of the shadow will be deformed due to the difference of the photon capture radius for the co-rotating and counter-rotating orbits. The change of the radius of the black hole shadow is very small for different values of the parameters. However the shadow will greatly deviate a circle when the black hole approaches to its extremal case of large spin a. For example, the distortion δ s takes value 25% for a = 0.998. Thus, measuring the distortion δ s of a shadow is an ideal test to determine the black hole spin a and noncommutative parameter √ ϑ of spacetime. The parameter δ s is also found to increase with √ ϑ with fixed a. After considering the fine structure of the shadow, we also studied the distortion ǫ first suggested in Ref. [36] . We found it shares the similar behavior as that of δ s while has a smaller value. Then with the three observables, R s , δ s , and ǫ, the quantities a and √ ϑ, as well as the inclination angle i, could be uniquely determined. Comparing with the Kerr black hole case, we saw that for small √ ϑ, it is extremely hard to distinguish the noncommutative black hole from the Kerr one. However, further increasing the noncommutative parameter such that √ ϑ ∈ (0.4, 0.52), the distortion parameters δ s and ǫ will have a deviations at the level ∼ 1% or even to several percentage from the Kerr ones. And the difference may be measurable.
The observation of the black hole shadow is one of the main goals of the very long baseline interferometry. It is able to image the surrounding environment of some supermassive Galactic black hole candidates, with resolution at the level of the black hole event horizon. And other observational facilities, such as the space-based RADIOASTRON and MAXIM, will also be able to observe the shadow. The nature of the supermassive Galactic black holes is expected to be determined through the astronomical observations in the near future. Meanwhile, considering the subtle effects of the noncommutative parameter √ ϑ of spacetime discussed in this paper, the test of it may require a second generation of instruments with a high resolution.
